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Abstract 

  
This paper presents reservoir heterogeneity characterization by fractional derivative approach to dynamic 
pressure transient data of oil/gas fields in multi-porosity naturally fractured reservoir with matrix participation 
in geological environment that are not possible by conventional techniques. The analysis of such type of data 
in reservoir engineering is known as “inverse problem” and has no unique solution. One can obtain 
information about transition zone responses; inter well and vertical permeability distribution in reservoir.  

The goal of pressure transient data interpretation is to find out a reasonable estimates of reservoir properties 
such as anisotropy, fracture and matrix storativity, interporosity flow coefficient, existence of faults, fracture 
and matrix permeability and interference of two wells for better understanding of reservoir behavior. In 
reservoirs where majority of fluid flow is through fractures are sensitive to stress regime, & its perturbations. 
Production from reservoir or injection into the reservoir, cause changes in fluid pressure distribution in 
system. This will change the effective stress, which in turn will affect flow of hydrocarbons from reservoir 
through fracture network. The geoscientists such as geologists, geophysicists, petrophysicists, production 
and reservoir engineers have brought forward reasonable expectations by sharing their knowledge to 
integrate observed data in drilled wells to finding heterogeneity. 

Automated computer matching techniques for observed pressured data and its calculated first and second 
derivative is used to estimate reservoir parameters to avoid human errors. This test data provide clues about 
the nature of fracture and multi-porosity network within reservoir and it help in extrapolating fracture from 
individual wells to between wells and ultimately in whole reservoir. Pressure first and second derivatives 
show different characteristics with different fracture patterns configurations. The estimated parameters from 
transient test data are used to generate 3-D model by combining other observed data from well-log and 
seismic by the use of geo-statistical methods. 
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Introduction 

Most geological formations are fractured to some extent as a result of stress in the Earth’s crust. Depending 
on the stress regime that a particular formation has been subjected to, these fractures many exist at many 
different length scales within the same formation. A naturally fractured reservoir is defined as a reservoir that 
contains a connected network of fractures created by natural processes. The most of the world’s 
unconventional resources, such as shale gas, are also contained in fractured reservoirs. Earlier naturally 
fractured reservoir models are distinguished by the imposed model of matrix-fracture inter-porosity flow 



regime where all fractures are assumed to have identical properties. Fractures and faults affect all aspects of 
reservoir management from drilling and well placement production to stimulation, completion and EOR. 

Analysis of the transient pressure response due to a change in the well rate serves as a powerful tool in 
evaluating and enhancing well performance. Equally important is the fact that transient test analyses aid in 
characterizing a reservoir. In some fields, reservoir performance is intensively monitored due to the existence 
of complex geology, an ongoing enhanced recovery operation, or monitoring of specific production issues. 
Emerging technologies employ digital sensors to continuously monitor bottom-hole pressure and flow rate 
during well production. Reservoir engineers place a high degree of confidence on well test interpretation in 
characterizing a reservoir and understanding well performance. In fact, well tests are regarded as reality 
checks in conceptualizing petroleum reservoirs.  

During the last three decades, pressure transient in naturally fractured reservoirs has been extensively 
investigated. Many double porosity models were developed starting with the cube model, in which the matrix 
provides the storage while the fractures provide the flow medium. The double porosity models were first 
introduced by Barenblatt et al. [1] in a model that assumes pseudo steady state fluid transfer between the 
matrix and the fractures. Subsequently, Warren and Root [2] extended this model to a well test analysis and 
introduced it to the petroleum literature. The Warren and Root model was mainly developed for a transient 
well test analysis and introduced two parameters, ω and λ: ω describes the storativity of the fracture system, 
and λ is the parameter governing the fracture-matrix flow. The matrix contribution, then, reflects as a 
relatively steep linear transition zone. The transition zone behavior should be viewed as a means of 
deciphering matrix characteristics. Braester studied the effect of matrix block size on the transition curve. 
The dual porosity models fall into two categories based on the interporosity fluid transfer assumption (i) 
pseudo steady state and (ii) unsteady state models. 

The dual porosity models assume uniform matrix and fracture properties throughout the reservoir, which may 
not be true in actual reservoirs. An improvement is to consider two matrix systems with different properties; 
this is a triple porosity system. A triple porosity model was proposed very recently. This model assumes the 
existence of two domains in the matrix and one domain in the fractures. Another form of triple porosity is to 
consider two fracture systems with different properties in addition to the matrix, sometimes referred to as a 
dual fracture model [3]. Two geometrical configurations were considered: A strata model and a uniformly 
distributed block model. In both the cases, two matrix systems have different properties flowing to a single 
fracture under gradient inter-porosity flow [4]. 

The transition zone behavior of the radial triple porosity system was then investigated.  The strata model was 
extended by allowing the matrix systems to have different properties and thickness. 

A radial triple-continuum model was presented in 2003. The system consists of fractures, a matrix system 
and a cavity system. Only the fractures feed the well, but they receive flow from both matrix and cavity 
system under pseudo steady state conditions. 

As described by Van Everdingen and Hurst, the classical wellbore storage model is derived by considering of 
the conservation of wellbore mass and implicitly ignoring the momentum effects. There is also an implicit 
assumption that wellbore mass is a function of wellbore pressure only, since no other variables are present 
in the equation. Phase redistribution occurs in a well, which is shut in with gas and liquid flowing 
simultaneously. When such a well is shut in at surface, gravity effects cause the liquid to fall and the gas rise 
to the surface. The solution for such phenomena was presented by Fair [5] and Hegeman et al. [6] and Fair 
presented an exponential increase in storage, which is used to model wellbore redistribution. The Hegeman 
et al. [6] have assumed the exponential error form of change of wellbore storage effect. When this 
phenomenon occurs in a pressure buildup test the increased pressure in the wellbore are relieved through 
the formation and equilibrium will be attained eventually. 



In the present paper we describe the reservoir heterogeneity characterization with the use of fractional 
derivative technique of pressure transient data with phase redistribution for multi porosity naturally fractured 
reservoir. 

Definition of a Fractional Calculus and its Derivative 

The fractional calculus is the branch of mathematics that deals with the generalization of derivatives and 
integrals to all real orders with various functions. We begin with the definition of a fractional derivative and its 
application since they are used in the formulation of the problems. Several definitions of a fractional 
derivative and integral have been proposed. The most frequently used definition of a fractional derivative of 
order α > 0 is the Riemann-Liouville definition, which is straightforward generalization to non-integer values 
of Cauchy formula. The Riemann-Liouville fractional derivative, which is defined as [7] 
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Where,  is the Gamma function, m is positive integer such that n-1< α < n and  α > 0. 

An alternative definition of the fractional derivative was proposed by Caputo [7] 
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The major utility of this type fractional derivative is caused by the treatment of differential equations of 
fractional order for physical applications, where the initial conditions are usually expressed in terms of a 
given function and its derivatives of integer order, even if the governing equation is of fractional order. Once 
these definitions are given, it is natural to write differential equations in terms of such quantities [8]. 

Mathematical Equations and their Solution 

The pressure equation for the flow in fractured reservoir is given by 
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For transient state matrix flow the value of vm1 and vm2 are as follows:  
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The one layer behaves as pseudo-steady state and other layer as unsteady state then, vm1 & vm2 are as: 
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The initial and boundary conditions are as follows 

       PDf = PDm1 = PDm2 = 0, at tD = 0                                                                                                            (7) 
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The Fair [5] has modified the van Everdingen and Hurst equation of sand face rate for constant wellbore 
storage effect by adding a term to account the pressure change due to phase redistribution as 
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Thus, phase redistribution was modeled as a changing wellbore storage phenomenon. The pressure PφD has 
the following properties 
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The use of increasing/decreasing wellbore storage model to field data was first applied by Fair [3] as 
exponential form for changing storage pressure as 
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and the changing storage pressure function as Hegeman et al. [6] have assumed, )/t(erfCP DDDD α= φφ , 

where, CφD and αD are changing storage pressure and time parameters. 

The general solution for dimensionless wellbore pressure ( )s(P wD ) in terms of )s(PfD and DPφ in Laplace 
space is obtained as  
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matrix behaves as transient flow and 
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as pseudo-steady & other behave as transient steady state flow towards fracture and then to wellbore.  

Conclusions 

This paper describes the transient pressure response of multi porosity naturally fractured reservoir with 
changing wellbore storage effect by fractional derivative approach in heterogeneous reservoir. The 
characteristics of flow from both the matrix to fracture are of transient, pseudo-steady state and pseudo-
steady state transient flow types. In reservoir where fractures are much more permeable than matrix, the 
derivatives of a pressure transient well test are a good indication of the underlying fracture network. The 
multi-porosity reservoir consists of two matrices and fractures with different properties have been considered 
for both matrix and fractures in present study. The fig.1 shows the dimensionless plot for both the matrix 
behaving as pseudo-steady state and fig. 2 shows the plot for one matrix as pseudo-steady state and other 
as transient state for the flow from the matrix to fracture. Fig. 3 is for the pseudo-steady state case of model 
of [8] and fig.4  is for model [3] where both matrices behaves as transient behavior of [3]. The various 
reservoir parameters including shape of matrix blocks are estimated by using the dynamic pressure transient 
test data. The effect of momentum on the wellbore pressure response has also been considered. It is noted 
that fracture permeability in a fractured reservoir is very sensitive to stress change due to pressure depletion 
or injection. We have identified different flow regimes in figs. 5 & 6 for horizontal well with pressure & its 
derivative data.  
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Fig. 1 ω1=0.83, λ1=1.e-6, ω2=0.15,  λ2=1.e-5, γ=0.98, 
n=0.3, SD=0.5, CD=102, CφD=1,αD=25, CmD=1.e+5 

Fig. 2 ω1=0.83, λ1=1.e-6, ω2=0.15,  λ2=1.e-5, γ=1, n=0.3, 
SD=0.5, CD=102, CφD=1,αD=25, CmD=1.e+5 

Fig. 4 ω1=0.83, λ1=1.e-6, ω2=0.15, λ2=1.e-5, γ=0.98, n=0.3, 
SD=0.5, CD=102, CφD=0, αD=0, CmD=0. Fig. 3 ω1=0.83, λ1=1.e-7, ω2=0.15, λ2=1.e-6, γ=0.98, n=1.0, 

SD=0.5, CD=102, CφD=1,αD=25, CmD=1.e+5 

 

Fig. 5. Semi-log plot of ∆t vs. ∆P for horizontal 
well & identified all the flow regimes. 

Fig. 6. Log-log plot of ∆t vs. ∆P for horizontal 
well & identified all the flow regimes that exists. 
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